Input Market, Partnership and Heterogeneous

Innovations

Qinshu Xue Bin Zhao
Click here for the latest version

November 17, 2021

Abstract

This paper studies the relationship between partnership and a firm’s innovation strate-
gies and its implications for industrial growth. We empirically documents that forming
partnerships across firms is associated with more exploitative (incremental) innovations
and less exploratory (radical) innovations. Guided by the result, we propose a tractable
growth framework where multi-product firms optimally implement either exploitative or
exploratory innovations for each of their product lines, given their partnership status.
Although forming a partnership mitigates misallocation by reducing frictions in the in-
put market, it dilutes the overall input market ‘vintages’ by introducing too many over-
developed inputs with limited productivity enhancement and therefore damper the in-
dustry growth. Our framework permits analysis on how partnership can affect a firm’s

innovation strategies and overall industrial growth.


https://qinshu-xue.github.io/files/XZ_input.pdf

1 Introduction

The input market plays a crucial role in productivity spillovers. An increase in productivity
from the upstream can spur productivity gains in its downstream through input linkages.
However, as a nature of mass fragmentation of production, the input market (for both
intangible or physical intermediate goods) is subject to search friction, which amounts to
a considerable amount of costs for firms through two vehicles: (1) the misallocation cost
stemmed from imperfect matches with supplies (hence lower productivity gains for the
downstream); |I| (2) cost due to higher risk of unsold inventories (hence induce lower price
of input and discourage innovations)ﬂ Confronting with the low quality of matching and
the risks of accumulating a high volume of inventories created by the search distortion,
a fraction of producers have built up the capability of forming partnerships with others
to facilitate an additional channel to sustain a more stable or efficient supply chain. In
addition, partnerships can also serve as a possible complementary/catalyst for their pro-

ductivity growth through persistent innovation efforts.

This new trend in organization structure has sparked many ongoing policy debates center-
ing around whether the economy should offer more relaxed constraints on those integrating
activities so that those incorporated firms can obtain more productivity gain. E| The ex-
isting literature thus has cultivated on the following problem: whether the firms involved
in more integrating activities achieve higher productivity by fostering more innovations.
However, this project departure from such scope by looking at the heterogeneity in inno-
vations. For instance, more innovations are not equivalent to more innovations with high
”quality” or breakthroughs. Indeed, as argued for long, the contribution of following-up
innovations has less impact than those exploratory innovations that bring breakthroughsﬁ
Therefore, we are instead asking (1) whether or not forming a partnership is associated
with a specific direction of innovations: more incremental improvements built on exist-

ing inventions or more exploratory innovations which can lead to breakthroughs in the

LA large body of literature has discussed the misallocation caused by various distortions
sources in intermediate good market: Jones (2013), Bartelme and Gorodnichenko (2014), Fadinger,
Ghiglino and Teteryatnikova (2016), Bigio and La’O (2016), Caprettini and Ciccone (2015), Liu
(2017), Caliendo, Parro and Tsyvinski (2017), Osotimehin and Popov (2017), and Baqaee and
Farhi (2017)

2Many works investigate the relationship between price and search frictions in asset markets
including investment good, housing and stock market: Bai, Rios-Rull and Storesletten (2012),
Lagos, Rocheteau, and Wright, 2014), Piazzesi, Schneider and Stroebel (2013), Ottonello (2019);
In addition, another strand of literature in the field of 10 also reveals such relationship between
search friction and good market: Armstrong and Zhou (2016), Goldberg (1996), Scott-Morton et
al. (2001), Busse et al. (2006), Dafny (2010), Gavazza (2016), Joskow (1987), Town and Vistnes
(2001) and Salz (2015).

3See Economists Column:“The EUs industrial-policy fans want to go back to the
70s”:  https://www.economist.com/europe/2018/12/22 /the-eus-industrial-policy-fans-want-to-go-
back-to-the-70s

4Garcia-Macia, Hsieh & Klenow (2019) argues that in ex-post sense following-up innovations in
aggregate contribute more than those exploratory innovations, which is however not contradicted
with the argument.



industry; (2) how those integrated firms can influence input market activities, innovation

strategies of other non-integrated entities and the industry as a whole.

We use data from Factset Resere, Computat, and US Patent and Trademark Office to
compile a micro-level dataset on firm-level financial information, partnership, and sup-
plier information, and patent filing for public firms in the US between 2003 and 2016. We
further classify the innovation direction by a pattern’s citations. A patent is classified as an
exploratory(radical) innovation if at least 80% of its citations are based on new knowledge,
while a patent is classified as an exploitative(incremental) innovation if at least 80% of its
citations are based on old knowledge. Partnerships are associated with more incremental
innovation, controlling for firm-level financial characteristics and industry and year fixed
effect. On the other hand, it is accompanied by a slowing down innovation progress upon

exploratory RéD.

We next develop an endogenous growth model where firms choose between exploitative
(incremental) and exploratory (radical) innovations for each product line, given their part-
nership status. A successful exploitative innovation results in an upgrade in the quality
of a product line, but such incremental innovation strategies suffer from decreasing return
to scale. On the other hand, firms can replace their product lines with a new variety
via successful exploratory innovations. There are frictions in the input markets, and we
allow products under the partnership to access more efficiency when trading in the input
markets. This implies the innovation strategy upon each product is therefore not only
affected by the R&D efficiency but also is subject to input market environment, of which
the degree of friction faced by products depends on whether the product is in a partnership

with some other or not.

Our model has several features. First of all, we admit heterogeneous innovation types by
extending Klette and Kortum (2004) framework in which only radical innovations are con-
sidered. Furthermore, we allow firms to grow in productivity through sourcing, consistent
with the literature emphasizing the productivity-enhancing effect by acquiring inputsﬂ
The existence of an input market provides incentives for firms to conduct exploitative in-
novations as they can benefit from trading inputs generated from incremental innovations.
Thirdly, our theory accommodates heterogeneity in product efficiency in terms of trading
in the input market. Some of the products are born as ‘high type’ that is feasible to form
a partnership with other ‘high type’ products. Partnerships grant an additional channel
of profits and growth, reinforcing the motives to implement incremental innovations on

those product lines.

Finally, search externalities are two-folds in our framework. First, market participants

SSimilar discussions can be found in Pavcnik (2002), Khandelwal and Topalova (2011), Goldberg
et al. (2010), Bas and Strauss-Kahn (2015).



cannot coordinate with others to adjust market tightness. Second, the market partici-
pants cannot internalize the impact of their innovation policies on the expected ‘quality’
of input available in the sourcing market. The latter point contributes to suboptimal in-
novation policies of the firms as they should have implemented relatively more exploratory
(less exploitative) innovations if they can internalize such externality. This enables us to
refine the policy question on how encouraging more partnerships within industries will
affect the innovation policies of non-integrated firms and further affect the growth of the

industry.

Innovations differ substantially in their nature: some of them are incremental improve-
ments over the existing technologies, while others constitute radical innovations that can
amount to the industry’s evolution and introduce creative destruction. The literature
initially more concentrated on the latter type. Initiated by Romer (1990), Aghion and
Howitt (1992), the endogenous growth model was built on a radical technological change
in aggregate representative agent framework. It then has been extended to a firm-level
framework as elaborated in Klette and Kortum (2004), Lentz and Mortensen (2008), and
recently in Acemoglu et al. (2018). On the other hand, given the greater availability of
the micro-level patent dataset, researchers have started exploring incremental innovations’
roles. Acemoglu and Cao (2015) extends the Schumpeterian endogenous growth model by
allowing incumbents to undertake innovations to improve their products, while entrants
engage in more “radical” innovations to replace incumbents. They argue that the growth
contributed by incremental innovations can be more important than the radical innova-
tions theoretically but without providing empirical evidence. Garcia-Macia et al. (2019)
provides empirical evidence suggesting most growth is driven by incremental innovations.
Our model also argues that the value of radical innovation is not manifested immediately
but reveals its potential through subsequent developments, which is consistent with Bryn-
jolfsson, Rock and Syverson (2019).

Our work is closely related to the literature on implications of resource misallocation
as well. Hsieh and Klenow (2009), Restuccia and Rogerson (2008) are the pioneering
efforts that empirically document the significant productivity losses due to resource mis-
allocation. Extending their works, several strands of papers attempt to micro-found the
sources of misallocations in various facets. Misallocations due to the financial fraction are
developed in Buera et al. (2011) and Midrigan and Xu (2013). An alternative mecha-
nism proposed by Boehm and Oberfield (2019) suggests the misallocation is stemmed from
adopting lower quality of input due to weak contract enforcement. David et al. (2016)
investigates how imperfect information distorts input sourcing decisions of firms both the-
oretically and quantitatively. Each of those three arguments agrees on the misallocation
due to failure to adopt intermediate goods with high quality, which is highlighted in our
model. Our framework aims to complement those works as we further push the role of

incomplete information in the implication of resources allocation beyond the distortions in



firms’ sourcing policies. In our framework, the probability of purchasing inputs that bear
‘relatively novel technology’ is a result of firms’ joint decisions which cannot be internal-
ized by individuals. Such externality affects the future innovation decisions of each firm,

distorting the allocations in both input procurement and innovation strategies further.

In addition, our theory adopts the search framework to capture the nature and poten-
tial misallocation in acquiring input resources within an industry populated by a large
mass of buyers and sellers. There exists a large body of literature discussing search fric-
tion in labor input factors and their implication for aggregate welfare since McCall (1970),
Diamond (1982), Mortensen (1982), and Pissarides (1990). Recent attentions have been
drawn to other production factors, including intermediate good, ideas, and capital. Chiu,
Meh, and Wright (2011) examines the allocations of inputs in the form of technology
transfer in a frictional exchange market but assume the technology inputs are homoge-
neous, which implies misallocation is absent. Akcigit et al. (2016) focuses on the patent
trading market with search frictions by incorporating additional margin in the mismatch
of ideas. They argue that friction contributes to slower growth and loss of welfare and
hence suggest the efficiency of the trading market is quantitatively important. A recent
work by Ottonello (2019) involves a frictional non-Walrasian physical capital market. The
search friction contributes to a lower investment rate at recession since the agents in the
market find it optimal to absorb the unemployed capital first rather than build capital on
their own. Our framework differs from those works by treating the search friction in the
input market with a broader concept covering the trade of both physical (i.e., machine
or equipment) and intangible (i.e., ideas or licenses) supplies. Furthermore, the search
friction in our model is captured by two-folds of risks rather than one risk channel: (1)
risk of failing to meet with sellers due to mass amount of market participants; (2) risk of

meeting a seller with ”low quality” input due to imperfect information prior to a meeting.

Finally, our work relates to organizational structure and its implication for innovation
incentives. Bena and Li (2014) documents the empirical facts that acquirers with prior
technological linkage to their target firms produce more patents afterwards. Phillips and
Zhdanov (2013) further develops theory and empirical findings that small firms have
greater incentives to innovate and prefer being acquired by large firms which strategi-
cally choose to avoid RéD races against small firms. Other than vertical integration and
its impact on the quantity of innovations, Jansen et al. (2006) investigates how the organi-
zational structure within a firm can influence the innovation outcome in both exploitative
and exploratory margins. Their results indicate that formal coordination across the units
within firm negatively affects exploratory innovation and positively influences exploita-
tive innovation. Our model allows for a broader notion of integrating relationships and
focuses on how such integrating activities affect the innovation directions of firms. Our
implication is consistent with Bena and Li (2014), Phillips and Zhdanov (2013) in the

exploitative margin and aligns with intuitions in Jansen et al. (2006) but with notions of



organizational structure across firms instead of within firms.

The rest of the paper is organized as follows: we present motivating empirical facts in
Section 2 with data description and empirical strategy; Section 3 scratches a benchmark
model which starts from a firm-level problem in Section 3.1. From Section 3.2-3.7, we
break down the firms’ problem into product line levels and characterize the innovation
direction decision-making. In Section 3.8, we close the economy and characterize the

balanced growth path. All related proof can be found in the Appendix.

2 Motivating Empirical Facts

We attempt to answer our first question in an empirical content: whether or not forming
partnership is associated with particular patterns in those firms’ innovation strategies.
Three datasets are used in documenting supply chain relationship including partnering
information and patents record at firm-level.

Factset Revere: The first source is Factset Revere Supply Chain Relationships Data,
which covers the period from 2003 to 2016 and 13,000 US private and public firms. For
each documented firm, we would observe comprehensive firm’s network structure with
specific relationships including supply-chain relationship, equity-holding relationship and
other strategic relationships, etc. An example of firm’s production network is illustrated

graphically below: ﬁ

Figure 5: Boeing’s Relationships Network
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As shown above, beyond standard roles within a supply chain: customers-suppliers (for
physical goods, i.e. raw materials, machines), licensees-licensors (for intangible goods, i.e.
software), the data documents those roles associated with control rights of firms including
joint venture, equity holder, research collaboration, etc. We treat those relationship with
such nature as partnership, which allows us to further identify the firms involving in

partnership.

6The image is provided in FactSet Data Guidelines as an example that shows the richness of
modern production networks.



Compustat North American Fundamentals (Annual): Another source documenting firm-
level data is Compustat which covers public firms in the United States since 1976. It
reports firm-level sales, employment data with which is matched with the supply-chain
data as our major controls in the empirical analysis.

United States Patent and Trademark Office: The last source is USPTO dataset which
reports detailed information upon utility patents granted. In particular, it includes the
citations information of a given patent, based on which we construct two measures of

innovation types:

e a patent is classified as an exploratory innovation if at least 80% of its citations are

based on new knowledge; E]

e a patent is classified as an exploitative innovation if at least 80% of its citations are

based on existing knowledge. |§|

We match the two patent measures with our firm-level data gathered from the other two

database.

2.1 Empirical Strategy

Given the data availability, we identify the set of partners of a given firm ¢, denoted by

Spartner (Z)

Spartner (’L) = Sshareholder (Z) U Sshareholding (Z) U SJVpaT‘tn(jT‘ (Z)

U Sresearchcollaboration(i) U Spoolinglicence artner (Z)
D

To examine the correlation between partnership and innovation direction, we construct
a new variable named as density of partnership dy—pariner (4), which captures the fraction of
partners in a particular supply-chain relationship x € {supplier, customer, licensor, licensee}
with a given firm ¢, ﬂwhere suppliers provide physical input to a given firm ¢, and
licensors provide intangible intermediate goods to firm i:

Sz(i)NS )
#(5:(1) 0 5 f“nmer(z)),x € X = {supplier, customer, licensor, licensee
#Sx (1)

dxfpartner (71) —

This measure ignores the quantity transacted per supply-chain relationship, which is un-

observed. We specify the OLS as following:

Yit = BO + Z /leog(dj—partnert—l + 1) + B * Zit—l + €t
Jje€J

"New knowledge is defined as the citations are not recorded in the firm’s other patents nor the
associated citations.

8Existing knowledge is defined as the citations are recorded in the firm’s other patents or the
associated citations.

9Summary Statics is available in Appendix B

1042} are not exclusive sets in the sense that we may encounter the case where the supplier of
firm 7 is also a licensor of firm 4



where {y;:} are the two fractions of innovations of firm ¢ at time ¢: that are exploitative
and exploratory, and Z;_1 are the controls including: employment size (size of firms),
SIC2 (manufacturer), # patents at ¢ — 1 , # citations per patent, and number of total

partners of firm ¢ at time ¢ — 1.

2.2 Brief Results

As illustrated by the OLS regression results, it appears that the density of partnership is
related to rigidity in incremental innovations. In particular, a greater density of partner-
ship in both intangible goods and physical suppliers is associated with more incentives to
conduct exploitative (incremental) innovations. On the other hand, it is accompanied by a
slowing down innovation progress upon exploratory Ré&D. E Furthermore, the firm’s size
appears to be negatively correlated with growth in exploratory innovation, which is consis-
tent with the finding in Acemoglu et al. (2018). Apart from the partnership, there exists
a strong positive relationship between the number of patents and exploratory innovations.
It is consistent with our presumption that exploitative innovation experiences decreasing
return to scale to some extent so that firms will eventually conduct exploratory innova-
tions after sufficient amounts of incremental innovations. Unsurprisingly, the quality of
patent is associated with more exploitative innovations, indicating that firms’ incentive to

conduct follow-up innovations depends on its associated return.

Variable Obs Mean Std. Dev. Min Max

den_lic_partner 11,896 0.295 0.355
den_licee_partner 11,323 0.318 0.350
den_cc_partner 40,623 0.183 0.295
den_sup_partner 27,083 0.238 0.310

o O O O
— = = =

OLS Regression Result:

\We report the empirical results both with and without controlling the density of partnership
in ‘pure suppliers’



1) 2 ®3) (4)

VARIABLES Exploratory Exploratory Exploitative Exploitative
log_density of partners among suppliers 0.003 0.001 0.020* 0.020*
(0.013) (0.012) (0.012) (0.012)
log_density of partners among licensors -0.030* -0.030%* 0.034** 0.033**
(0.016) (0.016) (0.015) (0.016)
log_density of partners among customers -0.010 -0.008 0.004 0.004
(0.009) (0.009) (0.007) (0.007)
log_density of partners among licensees 0.022 0.008
(0.018) (0.016)
log number of total partners 0.011 0.012 -0.006 -0.006
(0.010) (0.010) (0.007) (0.007)
log number of patents 0.114%** 0.113%** 0.107%%* 0.107%%*
(0.014) (0.014) (0.015) (0.015)
log number of citations per patent -0.004 -0.004 0.039** 0.039%*
(0.017) (0.017) (0.017) (0.017)
log_employment -0.021%%* -0.021%** 0.011%* 0.011%*
(0.008) (0.008) (0.006) (0.006)
sic2 - - - -
Constant 0.045 0.032 0.050 0.045
(0.059) (0.059) (0.045) (0.045)
Observations 959 959 959 959
R-squared 0.267 0.266 0.333 0.333
Adjusted/Pseudo R-Square 0.245 0.245 0.199 0.199

Robust standard errors in parentheses
K p<0.01, ¥* p<0.05, * p<0.1

Alternative OLS Specification with controlling partner density of pure suppliers

) @) ) @
VARIABLES Exploratory Exploratory Exploitative Exploitative
log_den_sup -0.006 -0.006 0.045%* 0.045%*
(0.020) (0.020) (0.019) (0.019)
log_den_lic -0.030%* -0.030* 0.033%* 0.033%*
(0.018) (0.018) (0.016) (0.016)
log_den_cc -0.020** -0.020%* 0.014* 0.014*
(0.009) (0.009) (0.007) (0.007)
log_den_licee 0.005 0.004
(0.020) (0.019)
Inpat_per_firm 0.113%** 0.113%** 0.108%** 0.107%%*
(0.014) (0.014) (0.015) (0.015)
Inciteperpat -0.003 -0.003 0.039%* 0.039%*
(0.017) (0.017) (0.017) (0.017)
log_emp -0.021%%* -0.021%%* 0.011%* 0.011%*
(0.007) (0.007) (0.006) (0.006)
log_den_pure_sup 0.015 0.015 -0.021 -0.021
(0.020) (0.020) (0.019) (0.019)
sic2
Constant 0.078* 0.078* 0.015 0.015
(0.046) (0.046) (0.041) (0.041)
Observations 959 959 959 959
R-squared 0.267 0.267 0.335 0.335
Adjusted/Pseudo R-Square 0.245 0.244 0.199 0.199

Robust standard errors in parentheses
*** p<0.01, ** p<0.05, * p<0.1



3 Model

Time is continuous. The market is populated by a fixed unit measure of differentiated
final goods indexed by j € J = [0, 1]. Each product is produced by a single, risk neutral
firm indexed by f € F, and firms are, in principal, multi-product producers. Let M < 1
denote by the aggregate measure of firms, which is also fixed in the benchmark. There
exists three departments within each firm: Ré&D sector, intermediate supplies sector, and
final good sector, which further constitute teams at product line level. To produce a given
final good j, a firm must utilize technique z; which is spurred from its R&D team or is
enhanced by purchasing parts from other firms. For simplicity, the profit generated from

producing the product with z; is in linear form with
m(zj) = 7z

where 7 is a constant across product space. The innovation schedule conducted by firms
is not necessarily solely climbing along the technology ladder. That is, firm can direct
the R&D sector to either incrementally develop over the current technology for producing
the product or implement exploratory innovation to replace the developed product line.
Let §; € © = {0;p,0; g} denote by the exploitative (incremental) innovation (#;p) or
exploratory (radical) innovation (6} i) directed in good j. There is no absorbing state in
innovation types: a product currently produced under 0p can be replaced by a successful
exploratory innovation 6 while a technique #g can be developed further by firm to be
fp. For tractability, we are abstract from endogenizing Ré&D efforts, and focus on firms’
decision on the timing of switching innovation directions. That is, we are shaping the
model as an optimal stopping problem. The ‘later’ the firm decides to direct to exploratory
innovation on a given product line, the more incremental innovations that have been taken
relative to implementing one exploratory innovations.

Assumption 1: Innovation arrival rates of both types are constant across firms and time,

and R&D is costless. [

3.1 60p Exploitative (Incremental) Innovation, Final good

usage and Input usage

Conditional on directing the RéD sector to conduct incremental innovation on a given
product j, the outcome after the RE&D efforts realizes in a random fashion which comes in
two folds: (1) an improvement of current technology level arrives at a Poisson rate i; (2) the
degree of improvement /size of improvement step, Sy, (;, z), which is composed of number

of incremental innovations that has been taken upon the product, n;; a random variable

12 A5 discussed in many relevant literature, constant RéD efforts per product line is sufficient to
generate either constant or decreasing R€D intensity in firm sizes. See Klette and Kortum (2004),
Akcigit and Kerr (2016) and Acemoglu et al. (2018). In terms of the cost of R&D, one can think
of the constant term pi in our profit function as it has already incorporated the associated R&D
costs. We will explicitly endogenize the R&D efforts in the future extension.

10



capturing the compatibility of the innovation, x;, drawn from a uniform distribution with

support [0, 1] and the average technology level z in the market:
Sp, = Sa"x;z, a € (0,1)

Conditional on successful innovation and a realization of compatibility degree x;, the firm
decides where to apply the newly obtained knowledge/technique: either to intermediate
supplies sector or to the final good sector. If the technique is applied in final good sector,
the step size coefficient S is the specified to be a constant 7. The law of motion of
technology level adopted for producing the good follows:
25 = 2j 4 N, (x5, 2) = 25 + na"ix;Z

If adopted in intermediate sector, a ‘part’ will be produced and it can be traded in fric-
tional input market and simultaneously used in final good sector but with a discounted

contribution at step size \,(z, 2):
An;(25,2) = Aa™wz, A<

To remind, upon a successful 6 p innovation, the state of innovation index n; of the product

j evolves:
r_

"

n; + 1, if incremental innovation arrives

Nevertheless, the productivity gains from sourcing does not accumulate the index as it is
not due to successful incremental innovations. The law of motion of technology level of
product j produced by firm f if adopting a part k produced by some other firm g is given
by:

zj + Aa"*x;Z  if adopting part k produced by firm g without partnership
zj +mna*x;z  if adopting part k produced by firm g under partnership

where ny, is the number of incremental innovation has been adopted associated with the
traded part, and xy; is the compatibility of the part to the buyer-firm drawn from the
uniform distribution, which is a independent draw rather than xj, the compatibility level
to good k itself. Furthermore, we allow firms to trade under partnership, which grants

more specifications bonus with higher productivity gain coefficient, 7.

3.2 Heterogeneous Types in Product Lines & Partnership

We assume there exists two types at product-level, ¢ € {H, L}. A high type (H) product
line has the capability of forming partnership with others when sourcing while a low type
(L) product line cannot. In the benchmark model, we are abstract from the scenario where
input market is pooled with all product lines. Instead we are assuming two separate input

markets: (1) common (Type L) input market; and (2) Partner (Type H) input market.

11



To be specific, there exists probability a that a high type product line can sell and access
to H type market, in addition to L market. Once it enters the H market, regardless
of usage of its innovation to the owner, innovations will be sold to the market. The type
of product line is not absolutely invariant. A successful exploratory innovation resets not
only the innovation index n to 0 but also the types. The probability of drawing a type H

assigned to the renewed product line is fixed at some h € [0, 1).

3.3 Trade in Input Markets

As pointed out previously, a product line can be benefited from sourcing part produced
by others’ technique when the direction of innovation operated is p. The trade of parts
is organized in separate input markets, each of which is a two-sided market. The common
input market (L market) is participated by all products (not all firms) whose R&D teams
are currently implementing 0p innovations while the partner input market only grant
accessibility to H type product lines. Both input markets are subject to search friction.
That is, the probability of meeting a counter party in the market for any participants is
less than 1. To be more specific, such probability is governed by the ratio of sellers to
the buyers in the market. Given the feature, it is likely that a firm will take long time
to sell its input. Before a successful sale, a firm may have already hold multiple inputs
to put on the sourcing market. Hence for simplicity, we abstract from tracking down the
inventory history of any given part by assuming there exists a complete financial sector
populated by a continuum of capitalists/bankers who are able to provide full insurance
covering the risk of inventory. Alternatively speaking, it is optimal for each input seller
to signs a collateral contract with a banker to borrow cash out in advance. As a return,
the option value of the input sale is then transferred to banker: any payment from selling
the part will be transferred to the banker.

Assumption 2: There exists a complete financial market, providing full insurance coverage
on selling inputs.

Given the assumption, for any product line j manger (including both types) turning her
knowledge into part, it is optimal for her to sell the option of selling part j to the financial
sector and obtain transfer at T'(nj, Z), where we have assumed the number of incremental
innovations that have been taken for the product j and the aggregate technology level and
the matching efficiency are observable information to bankers. After doing so, she hires
a sales agent to enter the input market governed by standard Cobb-Douglas matching
function m(ng,nyp):

e 1—e
m (Yo, yp) = Cy2 i

where yff is the measure of sales agents in the input market {¢} and y;f) is the measure of

the buyers. Upon a successful meeting, the compatibility of the part to the buyer then is
realized. Given the realization, the buyer determines whether to purchase it or not. Given
the matching function, it immediately follows that the probability that a sales agent meets

¢
with a buyer reads as mé = (y—g)l_e . Similarly, let the probability that a buyer meets
4

12
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with a sales agent denote by mf = ((%)°, ¢ € {H, L}. To highlight, prior to a successful
y

meeting with a sales agent, contrast bby the information structure under the transaction
between firms and bankers, we are assuming buyers cannot observe the innovation index
n. In other words, there exists no sub-market for each n to direct search behavior.
Remark 1: Input market is not segmented by innovation index n.

This construction plays a crucial role in the economy since it creates externality induced
by firm’s innovation strategy. Intuitively speaking, imagine a scenario where all product
managers decide to delay their g innovations and implement more incremental innova-
tions. Such product-level decision will induce a greater average of innovation index for the
input market, E¢ ,uﬁk}[nk] which in turns lower the expected return on sourcing. Given
the large mass of entity in the industry, each firm make innovation decisions individually

and have no measures to coordinate, which leave a risk of creating market failure.

3.4 0y Exploratory Innovation and Product Life-Cycle

Conditional on exercising exploratory innovation, firms direct their R€&D team of a given
product to work on a new product line which will replace the current one. Deviate from
Klette & Kortum (2004) in which a successful innovation in new product line destroys
randomly an existing product line k£ produced with #p technique at some technology level
zr, and replace it with new product with a technology improvement, we take a simpler
notion of 8 innovation: the exploratory innovations results in a direct replacement of the
current product line.

z':z—l—xi

Assumption 4: The exploratory innovation does not contribute to technology improvement
directly. That is, x =0

This notion is align with current discussion by Brynjolfsson, Rock and Syverson (2019),
where they find a drastic development on general purpose technology tends to not man-
ifest its productivity advent until it becomes mature. Let v denote the arrival rate of
exploratory innovation. Upon a successful exploratory innovation on any given product
line j, it is renewed in the sense that the number of incremental innovation is reset, n; = 0.
To remind, when implementing 0 innovation on a given product, the product line cannot
benefit from sourcing, and the realized innovation cannot be transformed for input-usage

by construction.

3.5 Firm’s Problem

To remind, we assume the profit function of a product line j is linear in technology z;:

m(zj) = 7z

Let {ug, } be the distribution of index n in market ¢.
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where 7 is constant across all product lines. Now we first summarize the state variables
of the problem. Let z; be the vector of technology level of the product lines operated
by firm f: zg = {27y, s 214, }; similarly define ng = {ny;,...,nyz;, .} as the vector of
number of incremental innovations taken over the product lines operated by firm f; finally
let ¢p = {Dfj1sesfjn f}, where my be the cardinally of the product line space owned
by firm f. To suppress the notation, we further define Sy = {zf,ng,¢s}. The value

function of a given firm f is characterized by:

Y ocntf {mm(, +maxg, gy ) {{z { jj}c [W(Sf\{z,,,n,,u} U {2j, + My, (2,5)> Mo + 1 }) - T'V(Sf)}(],zr
+ Iy {‘V(S.f\{z,(,.ﬂ,(,} U {2, + Ay, (0,2 0 + 1}> - 1f1*<sf>+n<n_,(,,z>}fza,}
smpt {1 [ <sf\{:,(,} U {550 + Ao }) ~ Pulagjon,?) = W(Sy)|dey,

{u{h {W(Sf\{n,m%} u {0, HJO}> - I/V(Sf)} +(1-h) [W (Sf\{n]o.Ljo} u {o.LJO}) - I/V(Sf)} }}

(1) rW(Sy) — VV(S}) = +Z{)6Mﬁ {Ter_]‘o + ma)({ng,gEm}

{u{h [U'(Sf\{um.Hh,} u {().H,,,}) - n'(sf)} +(1- /7){U'(Sf\{n‘m.H/”} U {(LLJU}> - U'(sf)} }}

where M{ = {j, : ¢;, = L and ¢;, € ¢5}, ML, = {j, : ¢;, = H and ¢;, € ¢5}. Also
note that we have a set of cutoffs {xSL,xbL,xf ,xf . a:? captures the lower bound of
compatibility of innovation to be utilized for final good specification if the product type
is ¢. Similarly, :cf captures the lower bound of compatibility of parts to be purchased in
input market with type ¢. Notice that the cutoffs are independent from product index
because the compatibility degree is an i.i.d draw for each product. We briefly interpret
the terms on the right hand side which captures the net inflow of value of managing the
product profiles. First notice that the value flow can be decomposed into two exclusive
blocks which represents the value flow contributed by the product lines managed by firm
f that are type L: M { and that contributed by those product lines that are type L: M {I
Observe that within each block, firms are choosing optimal innovation direction between
fr and 0p for each product line in the set. If the firm f directs to #p innovation for
project j, in block M g (M {1), then it generates value flow captured by the red (orange)
terms which are further composed of the value-added due to successful RéD and that due
to the gains from sourcing activity in input market. On the other hand, if directing for g
innovation, it generates value from resetting the product line innovation index to zero as
shown in blue (green) terms. Obviously, the optimal decision is to choose the innovation
direction that gives more values to the product j, given its current state. Thanks to the
independence of optimal choice in innovation direction for each product line, the firm’s
problem can be boiled down to product line level:

Lemma 1 (linearity): W(Sy) =>%, Vi (Zjums Wi Z)

Proof: See Appendiz A.

14




Furthermore, owing to the heterogeneity in product lines, we further classify the problems
into two sets of problems, namely, the high type product line and low type product line
problem. We suppress the subscript of product line index j and its owner f in the following

analysis.

3.6 Value Functions of Product line (z,n, z) with Type ¢ = L

Given the aggregate productivity level z, the value function of a product line whose cur-
rent technology level is z with index of exploitative progress at n is characterized by the

following HJB equation:

TZ 4+ Max(g, g5} {1{ [:[ [Vi(z +na"zz,n+1,2) — Vi(z,n, 2)|dx

) + jUJL [VL(z + Aa"zz,n+1,%) — Vi(2,n,2) + Ty (n, E)}daf}
(2) TVL(Za n, 2) - VL(Za n, 2) =
+77L£‘E{N,rik} lebL [VL(z + Aa™ 2z, n, 2) — Vi(z,n,2) — Pr(z,ny, 2)}(1:1:};

v|hVy(2,0,2) + (1 — h)VL(2,0,2) — Vi(z,n, 2)] }

The product line problem is written in the same fashion as shown in the firm’s problem.
To shed some lights on the solution of the value function, it appears to be easy for us
to presume some specific form of certain terms in the equations: (1) we presume that

Tr(n,z) can be written in the linear form:
Tr(n,z) =a"trz

where a” indicates the discount of part’s value with index n; t; captures the efficiency
of the common input market L. It turns out that the presumption holds when we close
the economy in the later sections. Given the presumption, we can characterize the value
flow attributing to the input market. As standard in the DMP search literature, upon a
successful meeting, information including {z, z, ng, zZ} are revealed to two parties. Given
the information, a sales agent (seller) holding input k& with index nj and the corresponding
buyer bargain over the transfer Pr(x,ng, Z) through Nash-Bargaining:

WL

1—wrp,
max VL(z+ Xa™xz,n,2) — Vi (2,n,2)] — P] {P — Gr(ng, z)}

where wry, is the bargaining power hold by the sales agent, and G, (ng, Z) denotes the value
of keep selling input indexed by ny. If the transaction is successful, the agent will retire
immediately. There exists free entry condition imposed on financial sector, which implies

that we must have the value of selling the parts equivalent to the collateral borrowing:

GL(nk, 5) = TL(nk, 5)
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Solving the bargaining problem, one can obtain the price of input with index n;:

P(:Ca N, 2) = wL [VL('Z + )\ankxz’ n, 2) - VL(Zv n, 2)] +(1 - UJL) T(nk, 2)
——
Value-added of the part k to the buyer value of holding the part

Therefore, the price of the input at state (x,ng, z) is a weighted average of value-added to
product-line if purchasing and the option value of selling the part.

Given the presumption and owing to the contractility by Klette & Kortum (2004), the
solution to the problem (2) turns out to follow the linearity property in the solution to
the problem (2), which is summarized by the following Lemma:

Lemma 2: The solution to (2) is given by:

Vi(z,n,z) = Az + Bp(n)z, forn € {0,1,2,3,...,n}}

where
T
A=—
’]"7
i[a"CrL + Br(n+1) — Br(n)] + mlfDL if n < nj
(r—g)Br(n) = .
v[hBp(0) 4+ (1 — h)Br(0) — Br(n)] if n >nj
with ) )
1— L L
CL= A(n% + >\xs> +alts,
2 2
1-— :sz

DL = (1 —w)E{M%k}[a k] AN

E—

ny = min {n € ZU{0} : i[a"Cp+Br(n+1)—Br(n)|+mi Dy, < u[hBH(O)+(1—h)BL(O)—BL(n)]}.

Proof: See Appendiz A.

The solution is consistent with the intuition. There exists a maximal degree of exploitative
effort for each product line. Upon reaching such threshold, firms direct the research
team to exploratory innovation to renew the incremental innovation index. This sort of
problem is classified to optimal stopping problem. The benefit from implementing 6p
development on a given product line is decreasing in the number of successful exercises in
6p innovation, which is illustrated by the first line of solution to B(n). Recall that the
gain from implementing fp innovation comes from two-fold: productivity improvement
and gains from trade in input-market. The solution also reflects the point: the level
of {B(n)} is increasing in the contribution from successful R&D which is indicated by
a™Cp, and from sourcing from common input market (L), which is captured by mlfDL.
Obviously, the growth in value coming from exploitative innovation is diminishing as n
accumulates. Furthermore, note that mlfDL is not from n. Indeed as we have shown
in the Appendix, the sourcing contribution mbLDL diminishes to 0 if both n} and n}

goes to infinity. This implies the value flow of conducting #p innovation converges to null,
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which further indicates the exploratory innovation will be favored eventually. Furthermore,
notice that for each product line manager, she cannot internalize the impact of joint
switching strategies of all other product lines on the average innovation index of the
common sourcing market. Otherwise, the outside option will be shifted up, hence the
switching point should be lower. Finally notice that we allow for n* = 0, which means no
0p innovation will be implemented at all but only focus on 8z innovation, of which cases

will be root out in the later sections.

3.7 Value Functions of Product line (z,n, z) with Type ¢ = H

Similar to the product line problem with type L, the corresponding HJB equation for type
H product line is given by:

Tz + maxX(g, g5} {l{ \/?,,1:: [Vii(z + na"zz,n+1,2) — Vi (z,n, 2)]dx
+ ](;Zr [Vi(z + Aa"zz,n+1,2) = Vi(z,n,2) + Tp(n, 2)]de + o (TH(H. zZ) — Fg(n, 5)) }
(3) rVu(z,n,z) — V11(27n72) = +mi§E{u,’;k }{ f;[b [Vn(/: + Xa"xz,n,z) — Vi (z,n,z) — Pr(x,ng, 5)}(11,‘}

+(””£{E{uﬁk}{ I’iH Vi (z 4+ na™xz,n, z) — Vi (z,n, 2) — Py(z,ny, 2)]1[:1:}:

}

What distinct from the low-type product problem is high type product line can benefit from

v

hVi(z,0,2) + (1 — h)V(2,0,2) — Vi (z,n, 2)

participating partnership with probability «. If the partnership opportunity comes, the
product manager is able to sell to the partner input market (H), which worth at Ty (n, 2),
after paying a fixed cost to manage the partnership relation at Fy(n, z). Throughout the
benchmark sections, we are abstract from gains from selling parts to partners by assuming
Fy(n,z) = Tg(n,z). Furthermore, she will enter the market to source from partner with
greater input complementarity captured by the coefficient 1. Given the additional channel
of value inflow, it is easy to see that given the same state except for the type, (z,n,Zz) ,
high type product line generates greater value stream than the low type does. As done
previously, we presume the solution to option value of selling part k£ in partner input
market, (H) is linear:

TH(nk, 2) =a"*tgz

As we will show later, the high type input market is facing a greater market tightness since
all participants will provide their innovation to others as input for others. The following
lemma summarizes the solution to the problem:

Lemma 3: The solution to (3) is given by:
Vi(z,n,z2) = Az+ Bg(n)z, forn € {0,1,2,3,...,n%}

where

17




i[a"Cr + Bg(n+1) — Ba(n)] + mbLDL + meH if n < iy

(r—g)Bu(n) = ‘
vIhBg(0) 4+ (1 — h)Br(0) — Bg(n)] if n > njy
with
1— zH?
Dy :a(l—w)E{MEk}[a”k} An 2b —(1—:(:5{)75}1],

Ny = min {n € ZU {0} :i[a"CL + By(n+1) — By(n)| + mi Dy + m{ Dy

< v[hBy(0) + (1 — h)BL(0) — BH(n)]}.

Proof: See Appendiz A.

The solution is consistent with the intuition. It is apparent to see that the return on
choosing exploitative innovation is strictly higher than that of low type product line due
to the extra channel of value inflow at each innovation index n. Together with the fact
that all product lines are confronting with the randomness coming from 6g innovation
upon the renewed product line’s type. The return on implementing 6 for both types are
homogeneous, which implies high type product lines have greater incentives to cultivate
further on their existing products. We summarize such heterogeneity in innovation deci-
sions across types of product lines in the following claim:

Proposition 1: A product line involving with partnership tends to implement more in-
cremental innovations, that is, ny; > nj.

Proof: See Appendiz A.

N
By (n)
L v
B _
...... e 7o B A= R)BLO)]
Br(n)

The intuition based on the comparison upon growth channels and opportunity cost also
offer insights in comparative statics. For instance, imagine an extreme case where the
arrival rate O is set to be 1, then regardless of types of product lines, their managers would
like to bring forward exploratory innovation. Similar reasoning applies to an increase in
the chance of drawing a high type for the new product line if implementing 65 innovation
successfully, which simply reduce the opportunity cost faced by both types of product line
managers.

Corollary 1.1: Any rewards to 0 innovation lower nz :

e greater arrival rate of exploratory innovation v will lower the switching index n;‘);

e greater probability of drawing a high type product line, h, will lower the switching

index nj;;
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Proof: See Appendiz A.

N
Bu(n)
N y
oY T (Ba(0) (= )BL(O)
Br(n)

Comparing to the variations in v and h, which play a role only in the ‘outside’ option for a
product manager, an increase in the probability of entering partnership for high types has
more confound implication. To be specific, a favorable change in « does increase the value
of adopting 6 innovations for both types, but it’s impact on opportunity cost of two types
are different. For low type product line, due to the absence of channel to partnership, a
better chance to form partnership only increase the value of its outside option, which in
turn reduces the opportunity cost of choosing 0 innovation as guaranteed. However, for
high type product line, at the same time, its value of maintaining the current product line
also increases. It turns out that the latter force dominates.

Corollary 1.2: A higher accessibility to H-type market, « leads to a lower switching
index of low type product line, ny. Furthermore, a higher o leads to a greater switching
index for high type product line, ny;.

Proof: See Appendiz A.

N

v+ Br(n)

] T P [hB#(0) + (1 — h)B(0)]
R
[ Br,(n)

The corollary can offer further implications for the counterfactual that we shut down the
partnership, which is a limiting case where the accessibility to H-type market a decreases
toward to zero. This implies the low type product line managers will conduct more in-
cremental innovations with higher n7 and high type products will lower their motives in
exploitative innovation with a lower n7; converging to n}. However the impact of shut-
down of partnership on the average innovation index of common input market remains

ambiguous and parameter-sensitive.

3.8 Option Value of Selling Input n in Market ¢

The last set of agents in this economy are the banker/agents. Their problem is equivalent

to solving the option value of selling an input with a given innovation index n. Such value
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flow of the option value of selling an input is essentially composed of two parts: (1) the
expected payment received from a buyer; and (2) the option value of selling the part in

the next meeting. Hence the value function of Ty(n, Z) is given by:
1 .
1T, 2) = [ [Polarn.2) = Ty, 2ld + Ty(n, )

Tp

Together with the previous lemmas, the solution to the problem reads as:

Ty = a"t¢2,
where )
L
. mngA)\l gb
L — ’
(r—g) +miw(l —zf)
_pH?2
mwaAnl S
ty =

(r—g) +miw( —237)’

Note that the option value is consistent to our presumption stated in previous sections.
Not surprisingly, such value depends on the input market efficiency which relates to market
tightness and bargaining power assignment. Furthermore, the cutoff of compatibility of
input plays an important role in the evaluation of the selling option. One one hand, a
greater purchase cutoff can result in a greater value-added to the firms hence a greater
price to charge for sales agents. On the other hand, it may be a result of competition
across sales agents, or in other words, tight input market, which may decrease the option

values.

3.9 Solve the Economy at Stationary Equilibrium

After solving the problems of firms and agents, we are armed to characterize the economy
as a whole. Throughout the section, we focus on solving the stationary equilibrium of
the economy where the economy grows at a constant rate. We start with the determi-
nations of the cutoffs {zL, 2L, 2 '} which involve linking three sets of equations: (1)
the indifference conditions; (2) the option value function solved previously; and (3) the
market tightness at stationary equilibrium. The three sets of equations happen to coincide
with all the unsolved variables in the system we presented so far. That is, at the time
of reaching the solution of the cutoffs, we are finishing the last piece of the system. The

indifference conditions with respect to the cutoffs are given by:
Vi(z +na"zlz,n+1,2) = Vy(z + Aa"zkz,n + 1,2) + Tp(n, 2),

The intuition of determining 3:5 is straightforward, at the cutoff, product line manager is

indifferent between adopting the innovation of its own final good usage and making it for
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input usage. Note that both types are facing the same cutoffs.
Vy(z + Na™xfz,n, 2) — Viy(z,n, 2) = Pr(z,nk, 2),

Similarly, to determine {xbL ,xf } at such cutoff, it must be the case where the price of

input extracts all the surplus generated for the product line.

VH(Z + nankml{{z7na 2) - VH(Z7n7 2) - PH(xankaz)'

Finally note that xf7 = 2 since sharing innovation with its partner is independent from

its innovation usage decisions for common market.
Solving for the indifference condition, we can back out relationship between the firms’

purchasing/selling decisions and option value of inputs:
Aln = Nzl = tr, A\af =tr, Anay =ty

The above equations illustrates the linear and positive relationship between cutoffs and the
option value of input. A greater option value of input will render firms more incentives to
make the innovation materialized for input usage, which results in a greater 2. Similarly,
a greater outside option of banker leads to a stronger bargaining position, which further
implies a higher prices charged for the input. Hence the ‘purchasing’ cutoff must be higher
to compensate.

To characterize the last piece: market tightness of input markets at stationary equilibrium.
We solve for the invariant moving flow of input markets. For the common input market,

(L), the law of motion of input follows:
o = i2E(1— 0 — %) —mf (1~ a)(1 - OF, — OfF)

where the first term on the right-hand side captures the input inflows to the common
input market. Let the fraction of product lines that conduct #g innovation denote by
Q%}. Recall that those product lines cannot access to input market. The second term
reflects the parts sold to the buyers, which implies the outflow of inputs. At stationary
equilibrium, we must have n, = 0, thus we have:

izt A dxk

L s
m = = N
b 1—:13{;4 n—Al—umx

L
which is clearly increasing in zf. Furthermore, given that m} = ¢ (z—‘z)s , it follows that
b

the market tightness in the common input market is given by:

Yo - (Dbyz
yt CL

21



Hence it immediately follows that the meeting probability for sales agent is:

m{;’ e—1

CL)E

L
mg = C(
from which we can tell that mZ is strictly decreasing in xf . Putting the three sets of

equations together, we then can characterize the cutoff xlf:
L2

L 1—ay
MaqWL—3 —

(r—g9) + mfw(l —af)’

ok =

which is uniquely determined.

Corollary 2.1: A greater bargaining power of the seller wy, leads to a higher cutoffs:
{xé, xL} in the common input market. Furthermore, a greater efficiency of matching pro-
cess, (1, also increases the cutoffs.

Proof: See Appendix A.

This corresponds to the two forces that push up the cutoffs. A greater bargaining power
of sales agent force the buyer to wait for a better suitable inputs to compensate the higher
price. On the other hand, a less frictional input market increases the meeting probability
for agents who then grasp higher option value since it can trade in the next meeting with
higher probability, which again increase the price of input, which further induce a higher
cutoff for buyers to compensate the loss. In fact, those parameters then have deeper im-
pact innovation strategies of firms:

Corollary 2.2: For sufficient large bargaining power of sales agent in common market,
wr, a greater bargaining power induces greater incentives for firms to implement 0g in-
novation. Furthermore, there exists cutoff (* such that for { > (*, a more efficient input
market leads to greater incentives for product lines to deviate for O innovations.

Proof: See Appendix A.

The result may appear to be surprising. First of all, though it is true that a more bar-
gaining power will increase the sales income for firms who are conducing §p innovation,
on the counterpart, it also harms the gains from sourcing for firms due to greater cost.
In particular, there exists cutoffs which ensure that a higher compatibility cutoff is not
enough to compensate for the greater price charged by the sales agent. Such loss lower
the opportunity cost of implementing 6 innovation due to which the product line can-
not benefit from sourcing at that stage. Secondly, an increase in the sales of input for
firms, though enhance the value of conducting incremental innovations, it also exacerbate
the speed of decreasing return of conduct further improvement. This makes going for
exploratory innovation seem more attractive since if successful, it can reset the innovation
index and can benefit more from selling low index inputs.

Via same process, we can also compute for 2. The final step is to compute for ]Euii- [a™i].
We investigate the stationary distribution of product line innovation index. Given the
absence of creative destruction in the benchmark model, the stationary equilibrium the

distributions are uniform for both types. Specifically, this is simply because the inflow to
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index n is equal to the outflow from the index n: iQﬁ_l =iQ% for all n € {1,..., n(";) —1}.
However the inflow of index n = 0 depends on the innovation strategies of both types. To

be specific, the inflows of n = 0 to type H and L product line are given by:
H L
Vh(Qn’;I + Qn’i)?

and
H L

while the outflow of n = 0 for the two types is ng . Furthermore, the flow balance of index

— * .
n = ny; follows:
1 1 = U,*
g 1 ng

Together with fixed unit mass of product lines:

TLH TLL
o+ of =1,
k=0 k=0

we can obtain the stationary distribution for both types:

1
H __ o *
O = — — forn=0,1,...,ny — 1,
gt Lt o
i
O = v
Ny * 1—h, % 7
ng+ 7 npt o
and
1-h
L h *
Q) = — T — forn=0,1,...,np — 1,
gt Lt
il—h
L _ v _h

Given the distribution, we can compute for E e [a™]:
mj

* *
ny—1 ny—1

. 1 Je I
)= g | 2 O )
L H n=0 n=0
1 ny—1
B o] = — Y ol
wi -1 n
! Zzgo QnH n=0

Hence, together the results for the cutoffs and option values of selling parts in both markets,
one is now able to compute for Cy, Dy and thus solve for n7 and n¥;, taking the distribution
of input market as given. Finally solve the fixed point problem of the distribution which
in turn solves completely the flipping points. Thereafter it completes the characterization

of the economy. The growth rate of the economy is summarized by the following claim:
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Proposition 2: The growth rate of the economy is given by:

iy o 1— 2 2L? 1— 2k
g= { Z Qgn 4 Z Qﬁa"] . [z’(n2 — 4+ A ; ) +mi — b
n=0 n=0
ni! 1— i
+ Z ann-mfniz b
n=0

Proof: See Appendizx A.

To remind, the two growth vehicles: R&D and sourcing from input markets contribute to
the value of a given franchise product in a linear fashion in average industry productivity.
Both channels are active only when the firms are conducting p innovation in the bench-
mark set-up. By law of large number, the growth contribution from the both types via
R&D and sourcing from common input market, L is linear in the expectation of active 0p
product line index. Similarly, the growth driven by the partnership market H is linear in
its average index pool as well. As we can tell directly that the postpone in 65 innovation
will eventually slow the growth of the economy. Finally we summarize the equilibrium of
this economy:

Definition 1 (Stationary Equilibrium): A stationary equilibrium of this economy is
a tuple E

{{{xlf)? l’f}, {nj;b}7 {mga m(d)’}’ P¢> T¢7 {be}nim E#i: [an]‘]’ V(b} » 9, T}
! pe{L,H}

such that:

(1) {xf,xf}%{Lﬂ}, the buying and selling threshold for inputs mazximizes the value of
product lines ; (2) {nj}ye(r,my are the optimal innovation policies solved in Lemma 2 &
3; (3) {mf,mf}(ﬁe{L,H} are the input market tightness; (4) {Ps}pe(r,m) are the pricing
policy of input under Nash-bargaining; (5) {T¢}¢G{L,H} 1s the sales agent’s problem stated
in Section 4.8; (6) the stationary equilibrium distributions of incremental innovation index:
{{Qﬁ}ZiO}qbe{L’H}; (7) the average vintage of input market at the stationary equilibrium:
{Euﬁj [a™]}geqr,my; (8) the value functions of product lines {Vy}ge(r my; and (9) the

growth rate stated in Proposition 2.

14Tn the Appendix, we define the equilibrium in more general manner.
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Appendix (in process)

Appendix A

Derivation of Firm’s Problem:

ZOEM£_ {ertAﬂ'szO + max {iAer(t+A){ {j;L %% (Sf\{zjo, nj, + U{z;, + M, (2,2)> Vo T l}) dx
+ folf [I/V <Sf\{2jo* n]o} U {Zjo + )‘njo(w.,i)v nj, + 1}) + 17, (”7 2)}(11}

+m£‘Ac”'<t+A)

E{#%k}{ leé |:U’V (Sf\{Z,jO} U {Zjo =+ A”](wk;yo-l)})} — P(.’I,‘kju, Nk, 5):| (].'Ifkju:|
+ [01§ W (Sg)dx + (1 —iA — 'm,,];A)c”'("*A)W’(Sf)+A;
042 107 (S P\ (g 13} U 0,83 ) 4 (1= W S\ Hi LU (0,3 )

- vA)e-T<f+A>W<sf>+A}

e"W(SF) =< + ZOEM£ {e”Aﬂzf,jo + max {

)

T8 [0 (8 Hi b U 0,83 ) + (1= 10 (S7\ Do iU 0.3} )|

= uA)ef“*A)W(sfm}
Take A — 0, we obtain the HJB for the firm’s problem.

Proof of Lemma 1: We prove the Lemma through ‘Guess and Verify’. Conjecture

It follows:
w (Sf\{zjmvnjm} U{2)pn + My, (@,2)0 Wi T+ 1}> - W(Sy)
(A1)
= V(ij + M, (2,2) Tim +1, 5) - V(zjm7njm2);
WL SE\ 2> Mg} U {50 + Any (2,2) i + 1}> - W(S§)+T(n;,,2)
(A.2)
= V(2 + Ay (2,2) T + 1, 2) = V(Zjis N, 2) + T, 2);
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Efe | [W (Sf\{zjm} U {2 + 58, (@i z)}) ~ Py(hg ks 2) — W<Sf>]

(A.3)
= B[ IV (5 0 00100202 = V (s B1) = Pl 20|

0 (S\ 003, U0, 5, 1) + (= ISP\ 05, 0.3, }) = W(S))
(A.4)

= hVH(ij, 0, Z) + (1 — h)VL(ij, 0, 2) — V¢jm (ij, Njm, Z)

above which the equations show that the firms’ value flow can be summarized at product

line level. Therefore we can further rewrite firm’s problem by substituting with (A.1-4).

EmEMLf |:7Tij +maxg, g, {]{ }rl, [Vi(zj,, +nal, 22,n,, +1,2) = VL(2),.,15,,, 2)] d
el o _ . . B B
+ ’() : [‘r"r_(z_,m + /\a;’m xZ, 0, + 1,2) = Vi(2js N, Z) + Tf/(n,_,m.z)}d:r}

+711,{’E(;u’?k }{ [11{; [""L(zvl’” + A"y 20, Z) = Vi(Zj, Wy Z) — Pr(@kj, » ik, 5)} dyj,,
WVh(2j,,,0,2) + (1 = h)VL(z,,, 0, 2) = V(205 15 5)] }]

— oo , 1
- + ZmeM,f, {ﬂ'z]m +maxgg, g} {1{ /. " ["'H(Z;,,, +nal xZ,n;, +1,2) = Va(zj,,, n,, 2) | de

+ j(),H VL(z, + A} 2z, +1,2) = Vi(z),,, 1, 2) + Ty (ny,. z)]de + a (Tn(nm ,Z) — Fr(ny,,, /,)) }

v

T Z::le V%m (Z]mv Njim s z) — Z::le Vabjm (ij‘ Njm s Z)

g ] L V050 + 00 000,2.01002) = Vi) = Pl e, 9o,
Zjpy + M0, 2,05, Z) = V(2,00 0,5 2) — P (Zkj,,, 1k, :)}dl’g_/m }:

+m£lﬂ5“1,}’1}‘ }{ Ll# (Vi (
hVi(zj,,0,2) + (1 = h)VL(%,,,0,2) — Vi (zj,, rz]m,f):| }

v

O

which clearly verifies the conjecture.

Proof of Lemma 2: Combine with the presumption upon 7'(n, Z), we conjecture that
Vi(z,m,z) = Az + B(n)z. Firstly, we split the problem into two hypocritical scenarios:

Tz + {7{ f;L [VL(Z +naxz,n+1,z) — Vi(z,n, 5)}(1.77

+ jt;l? [VL(Z + Aa"xzZ,n+1, 2) - VL(Z-, n, 2) + TL(H,, 5)](11‘}

A(1). rVi(z,n,2) — Vi(2,n,2) =
—&—mg’E{#L }{ 11]’ [Vi(z 4+ Xa"zz,n, 2) — Vi(z,n,2) — Pr(z, TLj,Z)}dCL‘}
B3 Jal

hVi(z,0,2) + (1 — h)Vi(2,0,2) = Vi(2,n, z)] }

A2). 7Vi(z,n,2) — Vi(2,n,2) = { TZ+ VU

Lemma Al: Let the solutions to the two problems denote by Vi (z,n,2) and VZ(z,n,%),
given the presumption: Tr(n,z) = tpa"z, we have:

Vi(z,n,2) = Az + Br(n)Z,

V2(z,n,2) = Az + Br(n)Z,
Proof: Conjecture that V}!(z,n, z) = Az+Bp(n)z, it follows, the left-hand-side of Problem
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A(1) reads as:
rVi(z,n,2) — Vi(2,n,2) = rAz + (r — g)Bp(n)z
The term within the bracket before #p innovation arrival 7 is then given by:

1 L

/L[Anangc + Br(n+ 1) — Br(n)]zdz + /0% [AXa"z + Br(n+1) — Bp(n)]zdx
= [a"C’L +Br(n+1)— BL(n)]] z

Recall that the price of an input with index n is a weighted average of its value-added to
the buyer and the option value of selling the input in the next meeting:
Vi(z+ Xa"xzZ,n,z) — Vi(z,n,2)

Pr(z,nj,2) =w + (1 —w)Tr(ny, 2),

This follows:

1
me{u%j}{ /L [VL(Z +Xa"xzZ,n,Z) — Vi(z,n,Z) — Pp(x,nj, Z)]d:n}
Ty
1

=(1- w)m{;E{M%j}{ /L[A)\a"jzz: - tLa"j]zdx} =miDpz.

b

Hence the right-hand side of A(1) equals to:
Tz + 1 [a"CL +Br(n+1)— EL(n)] Z+miDrz,
Equating both sides term by term, we obtain:

A=

71'
77
r

(r—g)Br(n) =i [a"cL +Br(n+1)— f}L(n)] +mEDy,.
Similarly for problem A(2), according to our guess, left-hand side is then given by:
rAz + (r — g)Br(n)Z,
Right-hand side of the problem is expanded as:

Tz + V|:hBH(O) + (1 —h)Br(0) — BL(n)} Z.

Equating both sides term by term:

wel}
S
1
<
| — |
>
o)
i
=
4
—
|
=
o8]
b
=
|
S8
h
3
=

(r—g)
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above which completes the claim. O
Since either innovation strategies will lead to the same solution format, it implies that for

the solution to problem (2), we must have:

Vi(z,n,z) = Az + Br(n)z
Now we further move to characterize the solution By (n) through the next lemma.
Lemma A2: There exists a flipping point n} such that:

i[a"Cp, + Br(n+1) — Br(n)] + mEDy  ifn <n}
vIhBg(0) 4+ (1 — h)Br(0) — Br(n)] if n >nj

(r—g)BL(n) =

Proof: By contradiction, suppose instead that for the product line manager, it is optimal
to choose fp incremental innovation forever. Then the problem is simply written as
Problem A(1). We claim that A(1) constitute a contraction mapping by verifying it
satisfies Blackwell’s Condition. Rearrange the equation associated with EL(n) shown

previously, we define a mapping T such that

N 1
[CLnCL + BL(n + 1)] + fngL

T[BL(n)] = P

pti

where p = r — g is the discount rate under logarithmic preference. It is easy to verify that
the monotonicity condition satisfies: Let G(n) > B(n) for all n, then we have T[G(n)] >
T[B(n)]. To check discounting condition, observe that:

N

. A 1 A
T[BL(n)+c| = P j_ ; [a"Cr+Br(n+1)]+ c+——miEDy < T[Br(n)]+¢, for all ¢ > 0.

p+i p+i

Hence T is a well-defined contraction mapping, which implies [B(n) — B(n+1)] diminishes

as n — oo. In particular,

. i 1 - my Dy (o)
By (c0) = B (00) + ——mEDy(00) = Bp(o0) = —2— " —
£(00) = == Bu(00) + “mmmy Di(00) = By (o0) p
The last equality comes from the fact that within Dr, Eg,r y[a™] = 0 as n — 0 in
i

stationary equilibrium, which we have shown in Section 3.9. While on the other hand, the

solution to Problem A(2) sugguests that:
pBL(n) = VB (0) + (1 — R)BL(0) — By (n)]
of which By, (n) is strictly positive and constant. This implies there exists a cutoff n* such

that for all n > n*. i[a"Cy + Br(n+1) — Br(n)] + mE Dy, < v[hBg(0) 4 (1 — h)BL(0) —
By (n)]. To complete proof, define b(n) = a"Cp + Br(n+1) — Z‘_T”BL(n), this follows:

(p+ v)Br(n) = max {zb(n) +miDyp,v[hBy(0) + (1 — h)BL(O)}},
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_i VBL(n +1)= ,Lmax {’Lb(n + 1)+ mEDyp, v[hBy (0) + (1 — h)BL(O)]},

(p+v)

Take difference of the above two equations, we have:

i

1 —V

(p + v)b(n) + max {ib(n) FmE D v B (0) + (1 — h)BL(O)}}

_ [(p + 1)a"C, + max {ib(n +1) + m¢ Dp;v[hBy(0) + (1 — h)BL(O)]H

1 —V

Let F(b(n)) = +=(p + v)b(n) + max {zb(n) + m§Dp;vhBr(0) + (1 — h)BL(O)]}, and
it is easy to see F'(-) is strictly increasing and piece-wise linear. Hence its inverse is also

strictly increasing and piece-wise linear. Hence we define the mapping 7T such that:

Tibn)] = P [ (o v)a o ma {ib(n41) 4t Disv B 0)+ (1= m B )] |

which clearly satisfies monotonicity condition. We claim the discounting condition holds
as well. Suppose that i(b(n+1) +c) + mE Dy < v[hBy(0) + (1 — h)Br(0)], it immediately

follows:

T[b(n) + ¢ = F7'[- i [(p +v)a"Cr + v[hBg(0) + (1 — h)BL(O)]]]

1=V

=T[b(n)]

Otherwise, we have:

T[b(n) + ¢ = F- ! [(p+u)a”CL+ib(n+1)+m£DL+ic]

i—v
TO0)] + 22—~ Tp()] + ——c < Tlo(o)] +
< n _ = n ¢ < n c
“p+v)+i pti
Therefore, T is a contraction mapping and we have obtained the desired results. O

Proof of Lemma 3: The proof follows the same fashion as we have shown in that
of Lemma 2. The only difference is that we have an extra term attached to value function

if implementing #p innovation. We skip the computations here. O

Proof of Proposition 1:

i[a"Cp, + Br(n+1) — Bp(n)l + m&Dy  if n <nj}
v[hBr(0) 4+ (1 — h)Br(0) — Br(n)] if n>nj

A(3).(r — g)BL(n) =

i[a"Cp, + By(n+1) — By(n)] + mEfDr + m Dy if n <n}
v[hBg(0) 4+ (1 — h)Br(0) — By (n)] if n > nyy

A(4).(r —g)Bau(n) =
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We characterize the above two problem in an uniform way. Similar to what we have
defined before, let L(n) = a"Cy + B(n + 1) — =2B(n), and let H(n) = a"C, + B(n +

. H
1) — =¥ B(n) + %. The above two solutions correspond to the mapping:

T[L(n)] = F~1[- ! ” [(p—i—l/)a”C'L—i-maX {iL(n—i—l)%—mbLDL;I/[hBH(O)+(1—h)BL(O)]H],

H
my

[(p—i—u)(a”CL—i— z_DH )+max {z’H(n—&—l)—i—m{;“DL; v[hBg(0)+(1—h)Br(0)] H ],

1 —V

where F~1! is identical to what we have shown in the previous lemma. Given monotonicity
of F~! it is easy to conclude that T'(H(n)) > T(L(n)) for all n, which then, together with
A(3) and A(4), it follows that:

(p+v)Bu(n) > (p+v)Br(n) = Bu(n) > Bi(n) for any mf Dy > 0
Now suppose that n7 > n};. By definition of flipping point n},nj;, we have
By (ny) = Br(ng)

Since Bp(-) is strictly decreasing before nj, it follows: Br(n}) < Br(nj};), which implies

that Br(nj;) > Br(nj;), leading to a contradiction. Hence we conclude that nj; > nj. O

Proof of Corollary 1: We analyze the comparative statics over {v, h,a}, which is inde-
pendent from the terms influenced by general equilibrium channel. We firstly investigate
the impact of arrival rate of g innovation, v on the innovation strategies of both types of
product lines. Given the solutions derived from Lemma 2 and Lemma 3, we can rewrite
Br(0), Bi(0) by forward iterating:

Cy, L i & 7 mED;y L i
Br(0) = == "LBr(n}) + —2 :
0 = TS G Gt Butat) + S )
1 *
=Lc+(——)"Br(n;)+ Lp,
c (p+l) L(ny) + Lp
C s ia 7 mElD;, +maD i i
L k n* b L b M H k
By(0) = — HB
w(0) = "SR () B () TS )
k=1 k=1
1 *
= H, —)"u B H
0+(p+i) u(ny)+ Hp

Note that Br(n%) = Bg(n¥) = -2 [hBx(0) 4+ (1 — h)BL(0)] = -2 B(0).
This follows: ) (- W)(Le + Lp) + h(He + Hp)

— (= )G + ()
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It is easy to see that, for any fixed pair (n%,n%), B(0) is increasing in v. Now consider

the case where n = n} — 1, hence it is optimal it conduct p innovation:
i[a”z_lCL + Br(np) — Br(np — 1)] + m{,;DL > V(B(O) — Br(n7 — 1))

Let Ff, = i[a"~'C+ Br(n) — Br(n} —1)]+m{ D, —v(B(0) — Br(n} —1)) capturing the
gap between the value-added from 6p innovation and g innovation for low type product

line. Together with By (n}) = HLVB(O), we have:

1 . P Vo o= 1
Fp=——a"i7'Cp — B(0)+ ——m&D
L p+i L pt+iv+p (0) p+1 b L

Clearly F' is strictly decreasing in v, which implies that for sufficiently large v, the gap
will be negative, which implies a decrease in n}. Same result holds for n};.
Secondly, we investigate the impact of variation in A on firms’ innovation decision. Notice

83(0) > 0, which

immediately follows that Fj, is decreasing in h. Hence an increase in h mduce stronger

that By (0) > Br(0) as we have shown in Proposition 1. This implies

incentives for low type product line to implement g innovation strategy. Again, same
result holds for high type product line.

Third, we investigate the influence of changing «, the rate of accessing to partnership upon

the innovation direction. Note that 8BL ( ) —

aBH( )

= 0 as low type cannot access to partnership
83(0)

at all, while > 0. This implies > 0, and therefore a higher accessibility to
partnership lower ny. However its nnpact on the innovation decision of high type product
line remains ambiguous. Intuitively, a greater « increases the incentives of implementing
fp innovation as it brings more growth through partnership. On the other hand, it also

increases the option value of directing to 6 innovation. Consider:

7 * _ P 14 ~ 1 1
Fy=——a"t7'Cp - , B(0) + —mEDp + ——mf'D
H p+1 L ptriv+p (0) P+ b P+ b
Ny i \k H
8FH . { 1 . P v ﬁ k:l(p+i) 8mb Dh
dao \p+i p+iv+pi da
1— 25 | = h) ()" + h(G)™n
L omlDy R — ()] .
p+i O«
= ot | (= DG + )
Vb (i n% _(_i_\n}
Note that per M1 () ] <h 1 G) ™ —, from which we can
1= | (1=) () "L +h(55)"H 1= | (1=h) (G5 "L +h(5E) " H

infer that there exists a h* for all h < h* we have:

. *
7 )nH

1- G
h
1= [ = WG + G
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In such cases, we have 88% > 0. However, the result is still too restricted. We pick up the
results from contraction mapping to show a stronger prediction:

Revisit the contraction mapping 7" defined in Proposition 1, and let H (n) = a"Cp +
B(n+1)— =2B(n) + mi Di where Dy (&) > Dy(a) with @ > . Hence it follows that

7 )

Br(n; &) > Bp(n; ). With the same technique applied in Proposition 1, we can conclude

N .
ny weakly increases. O

Proof of Corollary 2.1: Link the option value of an input and the cutoff indifference

decision together, we have:

L2
L l—atb
MaWL™5 —

Ty = ,
"7 ot mEw(l — ak)

After rearrangement,
2
p+miw 1+ xf
mlw 2zk

Since 'mlf is increasing in a:l% , it follows m’ is decreasing in xf. Hence the left-hand side of

equation is increasing in z7. On the right-hand side, since z% € [0,1], it is decreasing in
xf . Hence an increase in w leads to a shift down of LHS, which causes an increase in xf .
Similarly, an increase in ¢ will push up m’, and thus shifts down the LHS, which again
leads to an increase in :1;{;4. O
Proof of Corollary 2.2: First we take the first-order approach to investigate the vari-
ation of Cp, Dy, by treating them individually. To be specific, given the solution form of
product line problem, we can alternatively re-interpret the optimal innovation choice is
the one that maximizes the initial value stream By (0) in principal. We relax the integer
constraints upon the flipping point, and enforce the first order condition with respect to
nz) to take zero, and explore the impact of changing C;, and Dy, on the first order condition
then. To simplify the outlook, we abuse the notation by letting nz =¢, Cp =C, and

mbLDL =D, m{;{ Dy = d. Firstly we investigate agéo) : The nominator of the derivative

reads as:
ct p+i, ai . D p+i, i p v (AN
1-h l —1 1-— 1-h h
( )[p+z'_m[09 o (pﬂ.) ]+p09 ; (pﬂ.) I p+y[( )(pH) + h(
v p+i, 1

(1 —h)log — Y [(1 = h)(Le + Lp) + h(He + Hp)]

p+v p+i

We collect the terms associated with D and obtain:

D p+i, ©+ D v p+i, t p I (N

1—h)q—I —(—— )"+ — l ; . 1-h - :
(1= 1 Dtog TH )t 2 togP I = ) )]

v D p+i, ¢ . D v p+i, t p 2N i H}
— —I - — l 1—-h

oo ) s ) A = ) )

P p+i, 1

=(1-n) —(——)">0
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This immediately follows that at ‘equilibrium’ aBB#L(O) = 0, an increase in mbLDL leads to a

push up to n}. Similarly we can conclude that an increase in mg{ Dy leads to a push down
on ny. Recall that n is restricted to be integer, this implies at the first order condition at
ny must be non-positive. It follows that an increase in Cy, has a negative impact. Similar
results hold for the high type except for that an increase in mf Dy induces more incentives
to keep on the track of fp innovations as M%H(O) is increasing in mf Dy.

Given the fact that the flipping point is decreasing in C'f, and increasing in mf Dy, we then
investigate how change in bargaining power parameter wy, influence both terms. Recall

1—al? oL? L . .
that Cp = A n=—5*— + A=~ | + xy'tL, substitute out ¢1, one can obtain:

A
Cr=SIn+A+(n- NzE?)

which is clearly increasing in wlf, hence is driven up by an increase in wy, and (7. Expand
Dy:

1— .’IJL2 L AN L
Dy = (1—wL)E{u7fzj}[a”f] AN 5 b — (1=t | = (1—wL)E{M%j}[a”j]7(1—mb)2,
which is decreasing when xf > % Hence for sufficiently large wy or (g, it will derive

x,f > % and induce an increase in Dy. Overall they will lead to increase in C7, and de-

crease in Dy, which cause a greater incentives to 6 innovations. O

Proof of Proposition 2: As we have proceed in the section 3.9, we have shown the
equilibrium exists. To see the uniqueness of the equilibrium, it is sufficient to show that
there exists a pair (n},n};) solve the product line problems of two types. Take the input
index distribution as exogenously given, by finite dimensional contraction mapping, we are
able to apply Kakutani fixed point theorem, which implies the uniqueness of the solution
to the mapping. To illustrate the growth of the economy, consider the following law of

motion:

1 ok )
A=z A/ [Z[/ a"inzzdr + / ai \xzdx] + mfIEML / Aa™ xzdxdj
Je{j:pj=Lmnj<n}} L 0 T ok

1

1 st
o i onaste s [ st miey, [ oz
jeligi=Hns<ny} L Jak 0 B Jy

1
+ml€{Euﬁk [a"’“]/ na™* xzdx)dj

H
T

which can be further written as:

1—2k? 2L? 1— 2k?
A =2+ [1- Q% — Q%{]A]Eu%k [a"*] - [i(nQS +A=5) +mEX . b } _
nial 1—zH”
+ Z% QnHAEng [a"j]mfn72 bz
n=
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Take A — 0, we obtain the growth rate:

1—:EL2 ZL'L2 1—xL2
_ L H : L b
= [1- 0 — QL B,y o] i+ AT) 4 mAT—
H H 1_951?2
+ Z Q) Euf@ [a"7]mg, N z

O]

More discussions on the Notion of Equilibrium: We specify the definition of equi-
librium in response to the restriction on the integer space of innovation index n. As
mentioned before, the innovation policies are made by taking the average vintage of input
market as given. This implies the existence of equilibrium must ensure the existence of
fixed point that maps {n},n};} into Euﬁj [a™]. To do this, we allow some of firms choose
to switch to 8 innovation at n;g while some switch to 0 at nz + 1 in the spirit of perfect
foresight equilibrium by Jovanovic and Lach (1989). This implies at ny, the product line
managers with type ¢ are indifferent between switching or not. Let g4 be the fraction
of ¢ type product lines that switch at nj, and 1 — g, is the fraction of those switch at
n; ot 1 Given the construction, we permit continuous structure over E . [a™i] between
n} & and n’ 6T 1. To see this, consider the flow balance in low type product hnes at ny at a
stationary distribution:
ZQ 1 = vqr QL. : + i(1— qL)Q

Note that the outflow of n} input is composed of two parts: g, of Qﬁz switches to n =0
by implementing 6 innovation; 1 — qr, of Qﬁz keeps on fp innovation as product lines are
indifferent between switching to #g and keeping 0p at equilibrium. The flow balance of
ny + 1 is then given by:

i(1— qL)Qﬁ* QL.

TL

Similar to what we have shown previously, the flow balance of n = 0 is given by:

The stationary distribution is then characterized by:

1

n * 1—h, * i _vt+i(l—qm) v+i(l—qr) 1-h
+ + v[qu+i(1—qH) - vgr+i(l—qr) h

formn=0,1,...,np — 1,

Note that if g = gy = 1, we have the same result shown in Section 4.9. Similarly, if
qr, = qu = 0, then the above distribution is equivalence to the case where the swichting

points are {n}; + 1,n] + 1}.

i

Qi — vgg+i(l1—qm)
I ¥ o 1=h_x i) v+i(l—qu) v+i(l—gr) 1-h7’
+ RO + v[qu+i(1qu) + var+i(l—qr) h ]
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i

OH. i(1—qu) v +i(l—qm)

ny+l T U v o 1—h % | i; v+i(l—gn) vti(l—qr) 1-h
L U[UQH‘H(I_QH) + vgr+i(l—qr) h )
1-h
0L = __h A orn=0,1,...nF —1
n * 1—h, * i1 vti(l—qm) + v+i(l—qr) 1—h f » o L ’

nyg+ nL+5[qu+i(lqu) vaL+i(l—qr) R

% 1-h

ol — vgr+i(l—qr) h
ny Tk 1—h, % , i v+i(l—qm) v+i(l—qr) 1—h7’
gt TR LT U[UQH+i(1*QH) T S Fi—qr) h ]

. ( 1-h
ol _ i(1—qr) vgr+i(l—qr) h
ny+1 v nt 4 Lhp +1[ v+i(l1—gm) v+i(1—qz) ﬂ]
H h '°L vlvgg+i(l—qm) vqr+i(l—qr) h

Hence the average vintage of the input in the common market follows as:

1
E, ¢ [a"] =
k. L H L H
’ 1= QLQn; - ‘JHanH - Qn*LH - Qn}‘{Jrl
ny—1 ny—1
' { doollar+ > Qb+ (1- qr)Qps a"t + (1 — qm)Qh o |,
n=0 n=0

Again, note that when g7, = gz = 1, the average vintage of input is the same as shown in
Section 4.9. Furthermore, when q;, = qg = 0, the average vintage of input is the one with
flipping point at {n} + 1,n}; + 1}.

Remark: EMLLj [a™] is continuously increasing in (qr, qm).

Given the property, lets revisit the equilibrium condition for product lines’ innovation

policies:

ny = min {n € ZU{0} : i[a"Cp+Br(n+1)—Br(n)]+mE Dy, < Z/[hBH(O)+(1—h)BL(0)—BL(n)]}.

ny = min {n € ZU {0} :i[a"CL + By(n+ 1) — By(n)] + mi Dy + m{! Dy
<v[hBp(0) + (1 —h)BL(0) — BH(”)]}-

and, there exists {qﬁz, q%l} € [0,1] x [0, 1] such that:

ila"t O+ Br(nj, +1) = Br(nj)] +my Dr(ay, . 4 ) = v[ABr(0) + (1 —h)Br(0) — B (n})]

i[a" Cp+Br (1) =B (n})+my Dr(ays , a.h )+my Du(ars ) > v[hB(0)+(1=h)Br(0)=Bpu (nj;)]

and equality holds if qﬁz + q%l > 0. This construction ensures the existence of fixed
point by allowing convex policy space with {qﬁz,qf*}!} € [0,1] x [0,1] . That is, there

always exists a pair qﬁz + qf;{ > 0 such that, the solution to Lemma 2 and 3 by taking
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{E/ﬁ,_ [a™]}geqr,m) as given, n},nj;, coincides with {E/ﬁ,_ [a"]}geqr,m}, solving the fixed-
pointj problem. To sum up, we refine the definition of the stationary equilibrium:
Definition 1* (Stationary Equilibrium with Perfect Foresight): A stationary equi-

librium of this economy is a tuple:

{{{%Zﬁ, .’L’?}, {n2}7 {qgé}7 {m?, mf}a P¢>7 T¢7 {Q?L}niD? Euﬁ [anj]v V(b} 797 7’}
J pe{L,H}

such that:

(1) {xf,xf}(ﬁe{L’H}, the buying and selling threshold for inputs maximizes the value of
product lines ; (2) {n2}¢€{L,H} are the optimal innovation policies solved in Lemma 2 €
3; (3) {mf,mf}(ﬁe{L,H} are the input market tightness; (4) {Py}se(r,m) are the pricing
policy of input under Nash-bargaining; (5) {Ty}ge(r, iy s the sales agent’s problem stated
in Section 4.8; (6) the stationary equilibrium distributions of incremental innovation index:
{{Qﬁ}za;gl}(ﬁe@ﬂ}; (7) the average vintage of input market at the stationary equilibrium:

{E/ﬂij [a"i]}pe(r.my: (8) and its associated indifferent product lines between nj and nj + 1

fraction: {Qﬁ¢}¢e{L,H}; and (9) the value functions of product lines {Vy}peir,my; and (9)
the growth rate g.
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